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Wkh edvlf wudgh xqlrq prgho lv h{whqghg wr doorz iru d pruh vrsklv0
wlfdwhg xqhpsor|phqw ehqh￿w v|vwhp frqvlvwlqj ri wzr ehqh￿w ohyhov/ rqh
iru vkruw0whup dqg rqh iru orqj0whup xqhpsor|hg/ dqg d uxoh ghwhuplqlqj
zkhwkhu dq xqhpsor|hg lv vkruw0 ru orqj0whup1 Wkh sxusrvh ri wklv h{whq0
vlrq lv wzrirog> wr jhw d pruh uhdolvwlf dqdo|vlv ri wkh dfwxdo ehqh￿w v|vwhpv
lq prvw frxqwulhv/ dqg wr dqdo|vh dowhuqdwlyh uhirupv wr wkh wudglwlrqdo rqh
ri fkdqjlqj d xqlirup ehqh￿w ohyho1 Uhirupv wkdw uhedodqfh wkh ehqh￿w
udwhv kroglqj frqvwdqw hlwkhu h{shfwhg xwlolw| ri dq xqhpsor|hg/ djjuhjdwh
ehqh￿w h{shqglwxuhv/ ru djjuhjdwh xwlolw| ri xqlrq phpehuv fdq uhgxfh xq0
hpsor|phqw1
MHO frgh= M65 ) M841
Nh|zrugv= Xqhpsor|phqw Ehqhwv/ Wudgh Xqlrqv/ Xqhpsor|phqw1
￿ Zh zlvk wr wkdqn Qlhov Eorpjuhq0Kdqvhq/ Grqdog Sduvrqv/ Wruvwhq Voßn/ dqg vhplqdu
sduwlflsdqwv dw HSUX iru vwlpxodwlqj glvfxvvlrqv1 Lq sduwlfxodu zh zlvk wr wkdqn Elujlwwh Vorwk
iru dvvlvwdqfh zlwk wkh surri ri Sursrvlwlrq 7151 Wkh khos ri Dqqh N1 Mhqvhq rq surylglqj gdwd
lv dovr judwhixoo| dfnqrzohgjhg1
| Wkh dfwlylwlhv ri HSUX +Hfrqrplf Srolf| Uhvhdufk Xqlw, duh ￿qdqfhg wkurxjk d judqw
iurp Wkh Gdqlvk Qdwlrqdo Uhvhdufk Irxqgdwlrq141 Lqwurgxfwlrq
Wkh prvw hvwdeolvkhg wkhrulhv wrgd| fdsdeoh ri h{sodlqlqj kljk dqg lqyroxqwdu|
xqhpsor|phqw duh wkrvh ri wudgh xqlrqlvp/ h!flhqf| zdjhv/ dqg htxloleulxp
vhdufk ehkdylru1 Doo ri wkhvh vkduh wkh suhglfwlrq wkdw lqfuhdvhv lq xqhpsor|0
phqw ehqhwv lqfuhdvh zdjhv dqg xqhpsor|phqw +vhh h1j1 Rvzdog 4<;8/ Vkdslur
) Vwljolw} 4<;7/ dqg Slvvdulghv 4<<3/ uhvshfwlyho|,1 Orrnlqj forvhu lqwr wkh prghov/
lw ehfrphv fohdu wkdw *xqhpsor|phqw ehqhwv* duh v|qrq|prxv zlwk d frqvwdqw
prqhwdu| frpshqvdwlrq sdlg lq hdfk shulrg ri xqhpsor|phqw dqg iru dq xqolp0
lwhg gxudwlrq1 Wklv lv d txlwh fuxgh wuhdwphqw ri wkh dfwxdo ehqhw v|vwhpv lq
prvw frxqwulhv1 Orrnlqj dw RHFG frxqwulhv/ Dwnlqvrq ) Plfnohzuljkw +4<<4,
frqfoxghv +dprqj rwkhu wklqjv, wkdw *XL ehqhw lv sdlg iru d olplwhg gxudwlrq/
dqg wkh udwh ri ehqhw pd| ghfolqh ryhu wlph* ^Dwnlqvrq ) Plfnohzuljkw +4<<4,
s1 49;<`1 Wzr sureohpv pljkw dulvh zkhq pdnlqj frqfoxvlrqv iurp wkh suhvhqw
prghov> +l, rqh pljkw jhw zurqj suhglfwlrqv/ dqg +ll, rqh pljkw ryhuorrn vrph
srvvleoh zd|v ri uhiruplqj wkh ehqhw v|vwhpv1 Wklv sdshu frqfhqwudwhv rq wkh
vhfrqg lvvxh exw jlyhv dovr dq h{dpsoh ri wkh uvw1 Lq grlqj vr/ zh uhvwulfw rxu0
vhoyhv wr wkh wkhru| ri wudgh xqlrqlvp1 Pruh vshflfdoo|/ zh h{whqg wkh vlpsoh
prqrsro| xqlrq prgho ri Gxqors +4<77,/ wr doorz iru d pruh jhqhudo ehqhw v|v0
whp frqvlvwlqj ri wzr ehqhw ohyhov/ rqh iru vkruw0whup dqg rqh iru orqj0whup
xqhpsor|hg/ dqg d uxoh ghwhuplqlqj zkhwkhu dq xqhpsor|hg lv fodvvlhg dv vkruw0
ru orqj0whup1 Iru h{dpsoh/ wkh uxoh pljkw vwdwh wkdw dq xqhpsor|hg lv orqj0whup
li kdylqj h{shulhqfhg pruh wkdq : prqwkv ri xqhpsor|phqw gxulqj wkh odvw |hdu1
Rxu uvw uhvxow vkrzv/ frqwudu| wr frqyhqwlrqdo zlvgrp/ wkdw lqfuhdvhv lq wkh
ehqhw ohyho iru vkruw0whup xqhpsor|hg pd| uhgxfh zdjhv dqg xqhpsor|phqw/4
fi1 +l, deryh1 Wklv pd| rffxu ehfdxvh lqflghqfh ri orqj0whup xqhpsor|phqw
lv lqfuhdvlqj lq xqhpsor|phqw lwvhoi fuhdwlqj dq lqfhqwlyh iru xqlrqv wr uhgxfh
xqhpsor|phqw lq rughu wr pryh d odujhu iudfwlrq ri xqhpsor|hg wr wkh vkruw0whup
ehqhw ohyho1 Wklv hhfw frxqwhudfwv +dqg pd| ryhuwxuq, wkh wudglwlrqdo lqfhqwlyh
iru zdjh suhvvxuh fdxvhg e| wkh lqfuhdvhg rssruwxqlw| frvw ri hpsor|phqw1
Rxu pdlq sxusrvh lv wr dqdo|vh uhirupv wkdw uhedodqfh wkh ehqhw ohyhov/ fi1
4Wklv srvvlelolw| lv zhoo0nqrzq iurp wkhrulhv ri yroxqwdu| xqhpsor|phqw1 Xvlqj *sduwldo0
sduwldo* vhdufk prghov/ Pruwhqvhq +4<::, dqg Exughww +4<:<, vkrz wkdw olplwhg ehqh￿w gxudwlrq
kdv lpsruwdqw h￿hfwv rq mre vhdufk lqfhqwlyhv lpso|lqj wkdw> +d, wkh hvfdsh udwh iurp xqhpsor|0
phqw lv lqfuhdvlqj wrzdugv ehqh￿wv h{kdxvwlrq/ dq h￿hfw grfxphqwhg hpslulfdoo| e| h1j1 Ndw}
) Ph|hu +4<<3,> +e, d ulvh lq ehqh￿wv pd| uhgxfh gxudwlrq ri xqhpsor|phqw ehfdxvh wkrvh qrw
fxuuhqwo| holjleoh iru ehqh￿wv kdyh lqfuhdvhg lqfhqwlyhv iru mre vhdufk1 Vxfk lqglylgxdo lqfhqwlyh
h￿hfwv duh eh|rqg wkh vfrsh ri wklv sdshu1
4+ll, deryh1 Zkhq grlqj vr/ rqh kdv wr nhhs vrphwklqj {hg1 Iurp d srolwlfdo
srlqw ri ylhz/ wkhuh pd| eh pdq| glhuhqw wdujhwv wr { ghshqglqj rq zkhwkhu
srolf| pdnhuv duh prvw frqfhuqhg zlwk lqfrph glvwulexwlrq/ jryhuqphqw exgjhw/
ru odujh jurxsv ri yrwhuv1 Wkhuhiruh/ zh orrn dw wkuhh srvvleoh wdujhwv= h{shfwhg
lqfrph ri dq xqhpsor|hg/ djjuhjdwh ehqhw h{shqglwxuhv/ dqg djjuhjdwh xwlolw|
ri xqlrq phpehuv1 Lqghshqghqwo| ri zklfk wdujhw lv nhsw {hg/ rxu uhvxowv vkrz
wkdw lw lv srvvleoh wr uhgxfh zdjhv dqg xqhpsor|phqw wkurxjk d uhedodqflqj ri
wkh ehqhw udwhv wkdw lqfuhdvhv wkh udwh ri vkruw0whup dqg uhgxfhv wkh udwh ri orqj0
whup xqhpsor|hg1 Qxphulfdo h{huflvhv edvhg rq d vlpsoh hvwlpdwlrq rq Gdqlvk
gdwd vxjjhvw wkdw wkh zdjh hhfw wkdw fdq eh rewdlqhg iurp d +vwdqgdug, 4(
uhgxfwlrq ri d xqlirup ehqhw udwh pd| eh dfklhyhg lqvwhdg e| lqfuhdvlqj wkh udwh
ri vkruw0whup xqhpsor|hg e| dssur{lpdwho| 5(/ uhgxflqj wkh udwh ri orqj0whup e|
5(/ dqg xvlqj d uxoh vwdwlqj wkdw xqhpsor|hg uhfhlyh wkh orz udwh diwhu : prqwkv
ri xqhpsor|phqw1 Wklv rffxuv dowkrxjk wkh wzr jurxsv ri xqhpsor|hg duh ri
htxdo vl}h1 Wkxv/ srwhqwldo h!flhqf| jdlqv iurp uhedodqflqj wkh ehqhw v|vwhp
p d |k d y he h h qr y h u o r r n h gl qw k hv w d q g d u gw k h r u | 1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 hpehgv wkh jhqhudol}hg xqhpsor|0
phqw ehqhw v|vwhp lqwr d vlpsoh prqrsro| xqlrq prgho1 Vhfwlrq 6 ghulyhv wkh
uhvxow ri fkdqjlqj wkh ehqhw ohyho ri vkruw0whup xqhpsor|hg dqg vwdwhv wkh pdlq
w k h r u h pr iw k hs d s h uf r q f h u q l q jw k hu h e d o d q f l q jr ie h q h  wu d w h v 1D ql q f u h d v l q ju h 0
odwlrqvkls ehwzhhq lqflghqfh ri orqj0whup xqhpsor|phqw dqg wkh xqhpsor|phqw
udwh lwvhoi lv fuxfldo iru wkh uhvxowv1 Vhfwlrq 7 surylghv wkhruhwlfdo dqg hpslulfdo
hylghqfh iru wklv uhodwlrqvkls1 Vhfwlrq 8 xvhv hvwlpdwhv iurp wkh suhylrxv vhfwlrq
wr jlyh dq lpsuhvvlrq ri wkh pdjqlwxghv ri wkh hhfwv ghulyhg lq vhfwlrq 61 Vhfwlrq
9 frqwdlqv frqfoxglqj uhpdunv1
51 D Vlpsoh/ Xqlrql}hg Oderxu Pdunhw
Zh frqvlghu d vshflf oderxu pdunhw zlwk pdq| lghqwlfdo zrunhuv doo rujdql}hg
lq d wudgh xqlrq1 Hdfk zrunhu vxssolhv lqhodvwlfdoo| rqh xqlw ri oderxu lq hdfk
shulrg1 Wkh qxpehu ri zrunhuv dqg wkxv wkh wrwdo shu shulrg oderxu vxsso| lv
qrupdol}hg wr rqh1 Ilupv ghpdqg oderxu lq hdfk shulrg dffruglqj wr d grzqzdug
vorslqj ghpdqg fxuyh uE1 Wkh wlph xqlw lv dq hpsor|phqw shulrg/ wkh vkruw0
hvw srvvleoh hpsor|phqw vshoo iurp klulqj wr ulqj/ vd| d zhhn1 Wkh +qrplqdo,
zdjh/ / lv vhw xqlodwhudoo| e| wkh wudgh xqlrq zkhuhdv djjuhjdwh hpsor|phqw lv
ghwhuplqhg hqwluho| e| wkh upv1 Wkh remhfwlyh ri wkh wudgh xqlrq lv wr pd{l0
pl}h wkh h{ dqwh h{shfwhg xwlolw| ri d uhsuhvhqwdwlyh phpehu ru/ lghqwlfdoo| lq rxu
5vhwwlqj +vhh Rvzdog 4<;8/ 4<;:,/ wkh djjuhjdwh xwlolw| ri wkh phpehuv1 Dvvxplqj
wkdw hdfk lqglylgxdo phpehu*v lqgluhfw xwlolw| ixqfwlrq lv olqhdu lq lqfrph +ulvn
qhxwudolw|,/ dqg wkdw wkh xqlrq kdv rqo| qhjoljleoh lq xhqfh rq wkh jhqhudo sulfhv
dw zklfk lwv phpehuv ex| jrrgv/ wkh wudgh xqlrq vkrxog pd{lpl}h wkh shu shulrg
h{shfwhg lqfrph ri d uhsuhvhqwdwlyh phpehu15
Lq wkh vwdqgdug xqlrq prgho lw lv dvvxphg wkdw doo xqhpsor|hg jhw wkh vdph
shu shulrg ehqhw K lqghshqghqwo| ri wkhlu xqhpsor|phqw uhfrug1 Wklv |lhogv dq
remhfwlyh ixqfwlrq ri wkh xqlrq htxdo wr E  E n EK/z k h u h E  
u E   1 Pd{lpl}lqj wklv jlyhv wkh vwdqgdug uhvxow= Wkh zdjh udwh lv d vlpsoh
pdun0xs ryhu wkh rssruwxqlw| frvw ri hpsor|phqw/ l1h1 ryhu K1D ql q f u h d v hl qw k h
ehqhw ohyho lqfuhdvhv xqdpeljxrxvo| zdjhv dqg xqhpsor|phqw1
Zh frqvlghu d pruh jhqhudo xqhpsor|phqw ehqhw v|vwhp frqvlvwlqj ri= d, D
uxoh wkdw ghflghv zkhwkhu dq xqhpsor|hg lv vkruw0whup ru orqj0whup xqhpsor|hg=
D zrunhu zkr lv xqhpsor|hg lq d vshflf shulrg lv fodvvlhg dv orqj0whup li kdylqj
h{shulhqfhg  ru ihzhu hpsor|phqw shulrgv zlwklq wkh odvw 6 suhfhglqj shulrgv
+wkdw lv/ 6   ru pruh xqhpsor|phqw shulrgv,1 e, Wzr udwhv ri xqhpsor|phqw
ehqhw K￿ dqg K2 iru vkruw0whup dqg orqj0whup xqhpsor|hg/ uhvshfwlyho|/ zkhuh zh
dvvxph hyhu|zkhuh wkdw K￿  K21 Wkh vwdqgdug fdvh fruuhvsrqgv wr K￿ ' K2 ' K/
zkhuh wkh uxoh grhv qrw pdwwhu1
Lw lv ri lpsruwdqfh iru wkh xqlrq krz d vshflf ohyho ri xqhpsor|phqw glylghv
lqwr vkruw0whup dqg orqj0whup1 Zh pdnh wkuhh dvvxpswlrqv rq wklv glylvlrq zklfk
duh mxvwlhg wkhruhwlfdoo| dv zhoo dv hpslulfdoo| lq Vhfwlrq 71 Iluvw/ diwhu d jlyhq
qxpehu ri shulrgv zlwk d frqvwdqw xqhpsor|phqw udwh/ wkh orqj whup iudfwlrq ri
xqhpsor|hg uhdfk d fhuwdlq ohyho dqg vwd|v frqvwdqw dv orqj dv wkh ryhudoo xqhp0
sor|phqw lv xqfkdqjhg1 Wklv iudfwlrq lv wkh orqj0whup lqflghqfh ri xqhpsor|phqw
ghqrwhg e| wkh uhodwlrqvkls E1 Lw iroorzv wkdw xqlrq phpehuv zloo glylgh lqwr
   hpsor|hg/ E  E vkruw0whup xqhpsor|hg/ dqg E orqj0whup xq0
hpsor|hg lq vwhdg| vwdwh1 Rxu vhfrqg dvvxpswlrq lv wkdw wkhvh iudfwlrqv duh dovr
wkh orqj uxq suredelolwlhv iru dq| lqglylgxdo xqlrq phpehu ri ehlqj hpsor|hg/
vkruw0whup xqhpsor|hg/ ru orqj0whup xqhpsor|hg/ uhvshfwlyho|1 Wkdw lv/ iru dq|
lqglylgxdo zrunhu wkh ehvw suhglfwlrq ri klv vwdwxv lq d shulrg idu iurp qrz lv
wkdw kh zloo eh hpsor|hg/ vkruw0whup xqhpsor|hg/ ru orqj0whup xqhpsor|hg zlwk
h{dfwo| wkhvh suredelolwlhv1 Wkh wklug dqg pdlq dvvxpswlrq lv wkdw  lv lqfuhdvlqj
5Vlqfh zh duh frqfhuqhg zlwk d vsolw ri ehqh￿w udwhv zklfk lqfuhdvhv ulvn/ wkh dvvxpswlrq ri
ulvn qhxwudolw| grhv qrw dsshdu dv lqqrfhqw dv lq wkh vwdqgdug prgho zlwk mxvw rqh ehqh￿w udwh1
Krzhyhu/ zh ghprqvwudwh wkdw rxu uhvxowv duh doprvw xqd￿hfwhg li ulvn dyhuvlrq lv dvvxphg1
Wkxv/ iru vlpsolflw| zh dvvxph ulvn qhxwudolw| lq wkh pdlq h{srvlwlrq1
6lq 1
Zh dvvxph wkdw wkh xqlrq lv orqj vljkwhg +qrw glvfrxqwlqj wkh ixwxuh pxfk,
dqg wkhuhiruh xvh wkh mxvw ghvfulehg orqj uxq suredelolwlhv lq wkh ghwhuplqdwlrq
ri wkh uhsuhvhqwdwlyh phpehu*v h{shfwhg xwlolw| ru lqfrph1 Wkxv/ wkh wudgh xqlrq
vhwv  wr pd{lpl}h/
lEcK￿cK 2E  E n EdEEEK￿ n EEK2o +514,
Wkh vtxduh eudfnhw lv wkh +orqj uxq, h{shfwhg lqfrph ri d xqlrq phpehu frqgl0
wlrqdo rq ehlqj xqhpsor|hg/ ru vlpso| wkh xwlolw| ri dq xqhpsor|hg +dv idu dv
wkh xqlrq lv frqfhuqhg,1 Wkh uvw rughu frqglwlrq/ l￿EWcK ￿cK 2'f /j l y h v /

W'







uE￿￿ lv wkh +qxphulfdo, zdjh0hodvwlflw| ri oderxu gh0
pdqg dqg # E 
￿￿E￿￿￿
￿E￿￿ lv wkh hodvwlflw| ri wkh lqflghqfh ixqfwlrq1 Zh dvvxph wkdw
0E lv hyhu|zkhuh odujhu wkdq rqh/ wkdw wkh deryh qxphudwru lv srvlwlyh +zklfk lv
ixooohg li wkh glhuhqfh ehwzhhq K￿ dqg K2 lv qrw wrr odujh,/ wkdw wkh vhfrqg rughu
frqglwlrq l￿￿ EWcK ￿cK 2 	 f lv ixooohg +wklv krogv/ h1j1/ zkhq erwk uE dqg
E duh lvr0hodvwlf,/ dqg wkdw wkh deryh irupxod ghwhuplqhv wkh rswlpdo zdjh
udwh W xqltxho|1 Wkh vwdqgdug uhvxow dsshduv zkhq K￿ ' K2 ' K uhyhdolqj wkdw
orzhu K phdqv orzhu  dqg wkxv 1 Krzhyhu/ wkh *dyhudjh* ehqhw ohyho lv qr orqjhu
wkh rqo| srolf| sdudphwhu1
61 Uhedodqflqj Xqhpsor|phqw Ehqhwv
Rxu lqwhuhvw lv lq vwuxfwxudo uhirupv zklfk/ dw dq dssursuldwho| fkrvhq vkruw0
whup2orqj0whup uxoh/ uhedodqfh wkh wzr udwhv K￿ dqg K2 lq d zd| wkdw nhhsv vrph
djjuhjdwh phdvxuh olnh wrwdo ehqhw h{shqglwxuhv ru xwlolw| ri dq xqhpsor|hg {hg1
Lw zloo looxplqdwh wkh edvlf lqfhqwlyh hhfwv dw zrun uvw wr frqvlghu wkh vlp0
soh/ qrq0vwuxfwxudo srolf| h{shulphqw ri lqfuhdvlqj K￿ ohdylqj hyhu|wklqj hovh xq0
fkdqjhg/ dq xqdpeljxrxv lpsuryhphqw iru wkh xqhpsor|hg1 Wkh irupxod iru W/








6Wklv dujxphqw xvhv wkh vhfrqg rughu frqglwlrq1 Wkh wrwdo h￿hfw ri d fkdqjh lq e4 lv gh0
whuplqhg e| wkh ￿uvw rughu frqglwlrq ￿z+z￿>e 4>e 5,@3dqg wkh Lpsolflw Ixqfwlrq Wkhruhp
7Lw pd| eh vxusulvlqj wkdw dq lpsuryhphqw lq wkh frqglwlrqv ri wkh xqhpsor|hg
pd| lpso| orzhu zdjhv dqg xqhpsor|phqw lq dq rwkhuzlvh udwkhu vwdqgdug xqlrq
prgho1 Wkhuh duh/ krzhyhu/ wzr rssrvlwh lqfhqwlyh hhfwv lqyroyhg lq dq lqfuhdvh lq
K￿= +l, Lw glvwxuev wkh edodqfh ehwzhhq hpsor|hg dqg xqhpsor|hg lq idyrxu ri wkh
odwwhu wr zklfk wkh xqlrq xqdpeljxrxvo| uhvsrqgv e| lqfuhdvlqj  lq dffrugdqfh
zlwk wkh vwdqgdug uhvxow1 Wkh vl}h ri wklv hhfw lv sursruwlrqdo wr wkh ohiw kdqg vlgh
ri wkh deryh frqglwlrq h{suhvvlqj krz khdylo| wkh vkruw whup xqhpsor|hg/ qrz
jhwwlqj kljkhu ehqhwv/ zhljk lq wrwdo xqhpsor|phqw1 +ll, Lw glvwxuev wkh edodqfh
ehwzhhq vkruw0whup dqg orqj0whup xqhpsor|hg lq idyrxu ri wkh uvw jurxs wr zklfk
wkh xqlrq uhvsrqgv e| dwwhpswlqj wr sxvk zrunhuv iurp orqj0whup wr vkruw0whup
xqhpsor|phqw1 Vlqfh  lv lqfuhdvlqj lq / wklv fdq rqo| eh grqh e| orzhulqj 
dqg khqfh > wkh uljkw kdqg vlgh ri wkh deryh frqglwlrq phdvxuhv wkh vwuhqjwk ri
wklv hhfw vlqfh lw lqglfdwhv krz lqfuhdvlqj  lv lq 1
Dowkrxjk wkh frqglwlrq +614, lv xqolnho| wr eh ixooohg +vhh Vhfwlrq 8,/ wkh
deryh lqglfdwhv wkdw wkh hhfwv ri fkdqjlqj ehqhwv pd| eh idu ohvv surqrxqfhg
li zkdw lv fkdqjhg lv d whpsrudu| ehqhw ohyho K￿ udwkhu wkdq dq hyhu odvwlqj
K/ dv qrupdoo| suhvxphg lq wkhruhwlfdo prghov1 Vlqfh prvw frxqwulhv kdyh dq
hqg wr wkh xqhpsor|phqw ehqhw shulrg wklv frxog eh d uhdvrq zk| lw kdv ehhq
kdug hpslulfdoo| wr grfxphqw odujh vljqlfdqw hhfwv ri fkdqjlqj xqhpsor|phqw
ehqhwv17 Qrwh/ wkdw dq lqfuhdvh lq K2 ohdgv xqdpeljxrxvo| wr dq lqfuhdvh lq W1
Wkh pdlq sxusrvh lv wr dqdo|vh vwuxfwxudo uhirupv ri wkh xqhpsor|phqw ehqhw
v|vwhp wkdw uhedodqfh wkh ehqhw ohyhov K￿ dqg K2 nhhslqj {hg hlwkhu h{shfwhg
xwlolw| ri dq xqhpsor|hg xqlrq phpehu/
E  EE
WK￿ n EE
WK2 ' Kc +615,
















￿ze4 +z￿>e 4>e 5,
￿ zz +z￿>e 4>e 5,
@￿x 3+z ￿,
4￿!+x+z ￿,,+4 . ￿+x+z￿,,,
￿zz +z￿>e 4>e 5,
>
zklfk lv qhjdwlyh h{dfwo| xqghu wkh vwdwhg frqglwlrq ehfdxvh ￿zz ? 31
7Dwnlqvrq ) Plfnohzuljkw +4<<4, qrwhv wkdw hpslulfdo vwxglhv iurp XN dqg XV lqglfdwh wkdw
d 43 shufhqwdjh srlqw lqfuhdvh lq wkh uhsodfhphqw udwlr +udwlr ri ehqh￿wv wr hduqlqjv lq zrun,
zloo lqfuhdvh dyhudjh gxudwlrq ri xqhpsor|phqw e| rqo| derxw rqh zhhn
8Qrwh/ wkdw wkh wzr uvw fulwhuld dprxqw wr kroglqj fhuwdlq sduwv ri lE WcK ￿cK 2
{hg1 Wkh srolf| h{shulphqw lv wr lqfuhdvh K￿ +pdujlqdoo|, dqg dgmxvw K2 wr ixooo
rqh ri wkh uhtxluhphqwv1 Rqh kdv wr ghflgh zkhwkhu wkhvh vkrxog krog 4, ehiruh
dgmxvwphqw wr d qhz htxloleulxp +dw wkh rog zdjh dqg xqhpsor|phqw udwh,/ ru
5, zkhq frpsdulqj wkh rog dqg wkh qhz htxloleulxp1 Wkh vhfrqg fdvh/ wdnlqj
lqwr dffrxqw doo uhohydqw ihhg0edfn hhfwv/ lv ghqlwho| ri juhdwhvw lqwhuhvw dqg wkh
vxemhfw ri Wkhruhp 4 ehorz1 Krzhyhu/ zh vwduw zlwk wkh uvw fdvh wr glvsod| wkh
gluhfw lqfhqwlyh hhfwv dw zrun1 Vlqfh wkh uhtxluhphqwv duh wkhq frqvlghuhg dw
wkh lqlwldo ydoxhv ri W dqg W  EW/ doo wkuhh ri wkhp lpso| wkdw K2 pxvw eh
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Wkxv/ li K￿ lv lqfuhdvhg dqg K2 uhgxfhg wr nhhs hlwkhu ri wkh djjuhjdwh phdvxuhv
{hg/ wkhq wkh uhvsrqvh ri wkh xqlrq lv wr uhgxfh lwv zdjh fodlp1 Wklv lv ehvw xq0
ghuvwrrg e| frpsdulqj wkh h{shulphqw wr wkh vlpsoh rqh ri fkdqjlqj K￿ dorqh1 Wkh
rqo| dgglwlrqdo hohphqw lv wkh uhgxfwlrq lq K2 zklfk h{dfwo| holplqdwhv wkh hhfw
+l, ri wkh vlpsoh h{shulphqw> wkh wudgh0r ehwzhhq hpsor|hg dqg xqhpsor|hg lv
xqdhfwhg vlqfh wkh xwlolw| ri dq xqhpsor|hg lv xqfkdqjhg1 Wkh edodqfh ehwzhhq
vkruw0whup dqg orqj0whup xqhpsor|hg lv/ krzhyhu/ fkdqjhg lq idyrxu ri wkh uvw
ohdylqj rqo| hhfw +ll, iurp wkh vlpsoh h{shulphqw1 Wkhuhiruh wkh wrwdo lqfhqwlyh
hhfw jrhv xqdpeljxrxvo| lq wkh gluhfwlrq ri orzhu zdjhv dqg xqhpsor|phqw1 Wkh
vl}h ri wkh hhfw ghshqgv rq wkh hodvwlflw| # EW1
Lpsrvlqj rqh ri wkh uhtxluhphqwv wr krog zkhq frpsdulqj htxloleuld dggv vrph
ihhg0edfn hhfwv1 Lq wkh fdvh ri {hg h{shfwhg lqfrph ri dq xqhpsor|hg/ lw pxvw
eh wdnhq lqwr dffrxqw wkdw wkh gluhfw hhfw lqfuhdvhv wkh iudfwlrq ri xqhpsor|hg
jhwwlqj wkh kljk ehqhw ohyho pdnlqj d ixuwkhu uhgxfwlrq lq K2 qhfhvvdu|1 Wklv
ixuwkhu uhgxfhv wkh zdjh udwh hwf1 Wkxv/ wkh wrwdo hhfw lv odujhu wkdq wkh gluhfw
hhfw1 Lq wkh fdvh ri {hg h{shqglwxuhv rq ehqhwv wkh ihhg0edfn hhfwv pd| jr
lq hlwkhu gluhfwlrq ghshqglqj rq zkhwkhu wkh gluhfw uhgxfwlrq lq xqhpsor|phqw
uhgxfhv ru lqfuhdvhv h{shqglwxuh= Wkh uhgxfwlrq lq xqhpsor|phqw shu vh whqgv wr
uhgxfh wkh rxwod|v/ exw vlpxowdqhrxvo| d odujhu iudfwlrq ri xqhpsor|hg pryhv wr
9wkh kljk ehqhw ohyho zklfk whqgv wr lqfuhdvh h{shqglwxuhv1 Li wkh qhw hhfw lv dq
lqfuhdvh lq h{shqglwxuhv wkhq wkh ihhg0edfn hhfwv hqirufh wkh uhvxow ixuwkhu +dqg
iru wkh vdph uhdvrq dv ehiruh,/ zkhuhdv d ghfuhdvh lq h{shqglwxuhv uhvxowv lq ihhg0
edfn hhfwv wkdw gdpshq wkh gluhfw hhfw1 Iru wkh fdvh ri {hg zrunhu zhoiduh wkh
ihhg0edfn hhfw rq wkh uhtxluhphqw +617, htxdov l￿ EWcK ￿cK 2_￿W
_K￿ 1V l q f hl ￿'f /
wkhuh lv qr ihhg0edfn hhfw lq wklv fdvh dqg wkh wrwdo hhfw lv wkhuhiruh lghqwlfdo wr
wkh gluhfw hhfw +wklv lv mxvw dq dssolfdwlrq ri wkh Hqyhorsh Wkhruhp,1 Wkh ryhudoo
frqfoxvlrq lv wkdw wkh frqvlghuhg uhirup uhgxfhv xqhpsor|phqw lq doo fdvhv/
Wkhruhp 6141 Xqghu wkh vwdwhg dvvxpswlrqv/ d uhedodqflqj ri xqhpsor|phqw
ehqhwv wkdw lqfuhdvhv wkh ehqhw ohyho ri vkruw0whup xqhpsor|hg dqg dgmxvwv wkh
ehqhw ohyho ri orqj0whup xqhpsor|hg +grzqzdugv, wr nhhs {hg hlwkhu d, wkh
orqj uxq h{shfwhg lqfrph ri dq xqhpsor|hg/ ru e, djjuhjdwh h{shqglwxuhv rq
ehqhwv/ ru f, wkh orqj uxq zhoiduh ri d xqlrq phpehu/ zloo uhgxfh zdjhv dqg
xqhpsor|phqw surylghg wkdw wkh htxloleulxp lv vwdeoh1
Surri1 Frpelqlqj l￿ EWcK ￿cK 2'fzlwk +615,/ +616,/ dqg +617,/ uhvshfwlyho|/
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_K￿ lv qhjdwlyh li ( lv qhjdwlyh zklfk lv uhtxluhg iru vwdelolw|18
Wkh grzqzdug vorslqj oderxu ghpdqg fxuyh lpsolhv wkdw _￿W
_K￿ lv qhjdwlyh1
Wkhruhp 614 rqo| uhsruwv rq zdjh dqg xqhpsor|phqw hhfwv/ qrw rq zhoiduh1
Zh kdyh/ krzhyhu/ wkh iroorzlqj/
Fruroodu| 6151 Lw lv srvvleoh wr qg uhirupv wkdw uhedodqfh ehqhw ohyhov vxfk
wkdw zhoiduh ri xqlrq phpehuv lqfuhdvh dqg wrwdo h{shqglwxuh rq ehqhwv ghfuhdvh1
Surri1 Wr nhhs ehqhw h{shqglwxuhv {hg dprxqwv wr kroglqj wkh vhfrqg whup
lq l'E    E  W W n EWdEEE WK￿ n EEWK2o {hg> l lv wkhq
rqo| dhfwhg e| fkdqjhv lq wkh whup E  EWW1 Wklv lqfuhdvhv zkhq 
ghfuhdvhv dv oderxu ghpdqg lv hodvwlf/ 0EW : 1 Wkhuhiruh/ l lqfuhdvhv1 E|
gxdolw| wkh uhirup wkdw nhhsv l {hg lqyroyhv orzhu h{shqglwxuhv1 Reylrxvo|/ lw lv
srvvleoh wr qg uhirupv lq ehwzhhq wkhvh h{wuhphv erwk lqfuhdvlqj l dqg uhgxflqj
h{shqglwxuhv1
Dsshqgl{ D14 ghprqvwudwhv wkdw wkh wkhruhp deryh krogv zlwkrxw dq| fkdqjhv
li lw lv dvvxphg wkdw xqlrq phpehuv duh ulvn dyhuvh +kdylqj lqgluhfw xwlolw| ixqf0
wlrqv zklfk duh frqfdyh udwkhu wkdq olqhdu lq lqfrph,1 Wkh fruroodu| krogv/ ri
frxuvh/ li zrunhuv duh qrw wrr ulvn dyhuvh/ exw wkh Dsshqgl{ D14 dovr vkrzv wkdw
lw krogv iru dq| dprxqw ri ulvn dyhuvlrq li wkh lqlwldo htxloleulxp lv fkdudfwhul}hg
e| d xqlirup ehqhw ohyho1
71 Wkh Lqflghqfh ri Orqj Whup Xqhpsor|phqw
Lw lv dq lpsolflw dvvxpswlrq ehklqg wkh deryh uhvxowv wkdw wkh xqlrq fdqqrw pd0
qlsxodwh gluhfwo| zkr jhwv xqhpsor|hg dqg wkxv krz xqhpsor|phqw lv glylghg
lqwr vkruw0whup dqg orqj0whup1 Zh qg wklv uhdolvwlf zkhq wkh uxoh glvwlqjxlvklqj
ehwzhhq vkruw0 dqg orqj0whup xqhpsor|phqw lv voxjjlvk/ wkdw lv/ ri wkh irup dq
xqhpsor|hg lv orqj0whup xqhpsor|hg li kh kdg ohvv wkdq 59 zhhnv ri hpsor|phqw
gxulqj wkh irujrlqj 85 zhhnv/ udwkhu wkdq dq xqhpsor|hg lv orqj0whup xqhp0
sor|hg diwhu 59 frqvhfxwlyh zhhnv ri xqhpsor|phqw1 Qrwh wkh glhuhqfh= erwk
8Qrwh/ wkdw rqh ri wkh uhtxluhphqwv wrjhwkhu zlwk wkh zdjh htxdwlrq |lhog wzr uhdfwlrq
ixqfwlrqv lq wkh +z>e5, vsdfh1 Wkh frqglwlrq iru vwdelolw| ri dq lqlwldo +Qdvk, htxloleulxp |lhogv
dqg dgglwlrqdo frqvwudlqw rq wkh gl￿huhqfh ehwzhhq e4 dqg e5 lq fdvh d,1 Wkh dvvxpswlrqv vwdwhg
xqghu htxdwlrq +515, hqvxuh wkdw wkh lqlwldo htxloleulxp lv vwdeoh lq fdvh e, dqg f,1
;uxohv lpso| wkdw dq xqhpsor|hg hqgv lq wkh orqj0whup fdwhjru| diwhu 59 frqvhfx0
wlyh zhhnv ri xqhpsor|phqw/ exw li rqh kdv ehhq xqhpsor|hg iru d orqj wlph/ vd|
85 zhhnv/ wkhq dffruglqj wr wkh vhfrqg uxoh rqh zhhn ri hpsor|phqw lv hqrxjk wr
jhw edfn lqwr wkh vkruw0whup fdwhjru|/ zkhuhdv dffruglqj wr wkh uvw uxoh lw wdnhv
59 zhhnv ri hpsor|phqw1 Wkxv/ wkh uvw uxoh lv pxfk ohvv pdqlsxodeoh1
Wkh pdlq h{solflw dvvxpswlrqv duh rq wkh lqflghqfh ixqfwlrq =Z hk d y hd v 0
vxphg +l, wkdw diwhu d qxpehu ri shulrgv zlwk xqhpsor|phqw udwh /w k hv w h d g |
vwdwh iudfwlrq E ri orqj0whup xqhpsor|phqw lq wrwdo xqhpsor|phqw lv lqghhg
hvwdeolvkhg/ +ll, wkdw wkh whupv E  / E  E/d q gE duh qrw rqo| wkh
vwhdg| vwdwh iudfwlrqv ri hpsor|phqw/ vkruw0whup xqhpsor|phqw/ dqg orqj0whup
xqhpsor|phqw uhvshfwlyho|/ exw dovr wkh lqglylgxdo xqlrq phpehu*v orqj uxq sure0
delolwlhv ri hqglqj lq hlwkhu ri wkh wkuhh fdwhjrulhv/ dqg qdoo| dqg prvw fuxfldo
+lll, wkdw  lv lqfuhdvlqj lq 1 Wklv vhfwlrq mxvwlhv wkhvh dvvxpswlrqv wkhruhwlfdoo|
dqg surylghv vrph hpslulfdo hylghqfh lq idyrxu ri wkh odvw fuxfldo dvvxpswlrq1
7141 Wkhruhwlfdo Hylghqfh
Wkh ixqfwlrq  g h s h q g vr qw k hv s h f l  fuxoh dffruglqj wr zklfk dq xqhpsor|hg lv
frqvlghuhg orqj0 ru vkruw0whup xqhpsor|hg/ dqg rq wkh xqghuo|lqj xqhpsor|phqw
g|qdplfv1 Wkh uxohv zh frqvlghu duh ri wkh irup= Wr uhfhlyh xqhpsor|phqw
ehqhw lq d frqvlghuhg shulrg rqh pxvw eh xqhpsor|hg lq wkdw shulrg1 Li/ gxulqj
wkh 6 suhfhglqj shulrgv/ rqh zdv hpsor|hg lq  ru ihzhu +xqhpsor|hg lq 6 ru
pruh, shulrgv/ wkhq rqh lv orqj whup xqhpsor|hg dqg uhfhlyhv K2 lq wkh frqvlghuhg
shulrg/ rwkhuzlvh rqh lv vkruw whup xqhpsor|hg dqg uhfhlyhv K￿1 Qrwh/ wkdw wkh
vshfldo fdvh  'ffruuhvsrqgv wr wkh vlpsoh uxoh wkdw dq xqhpsor|hg lv orqj0whup
li kdylqj h{shulhqfhg 6 ru pruh frqvhfxwlyh shulrgv ri xqhpsor|phqw1 Wr ehdu lq
plqg wkh uxoh ghshqghqfh zkdw zdv iruphuo| fdoohg E lv qrz fdoohg E6cc1
Lq zkdw iroorzv dvvxph wkdw wkh udwh ri xqhpsor|phqw lv frqvwdqwo| :f 1W r
xqghuvwdqg wkh lpsruwdqfh ri wkh g|qdplfv ri xqhpsor|phqw vkduhv frqvlghu uvw
wkh vwdqgdug fdvh zkhuh hyhu| zrunhu kdv lq doo shulrgv lqghshqghqwo| suredelolw|
 ri ehfrplqj xqhpsor|hg1 Iru dq| zrunhu wkhq wkh suredelolw| ri kdylqj h{dfwo|
 hpsor|phqw shulrgv rxw ri 6 lv mxvw wkh elqrpldo suredelolw| ri  vxffhvvhv
lq 6 wuldov zkhq wkh vxffhvv suredelolw| lv    lqghshqghqwo| lq doo wuldov1 Wkh
suredelolw| ri  ru ihzhu hpsor|phqw shulrgv rxw ri 6 lv wkhq E6cc/z k h u h
lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq iru wkh elqrpldo glvwulexwlrq1 Frqvlghu d
vshflf shulrg1 Iru dq| zrunhu/ hpsor|hg ru xqhpsor|hg lq wkdw shulrg/ wkh hyhqw
ri  ru ihzhu hpsor|phqw shulrgv lq wkh 6 vxffhhglqj shulrgv kdv suredelolw|
<E6cc  1 Vlqfh wkhuh duh pdq| zrunhuv wkhuh duh dovr pdq| xqhpsor|hg
dqg lw iroorzv iurp wkh odz ri odujh qxpehuv wkdw wkh iudfwlrq E6cc  
ri wkhvh zloo eh orqj0whup xqhpsor|hg/ vr E6cc' E 6cc  1Q r w h
uvw/ wkdw wkh glylvlrq E6cc ri xqhpsor|phqw lq orqj whup2vkruw whup lv
lqghhg hvwdeolvkhg qr odwhu wkdq diwhu 6 shulrgv +lq shulrg 6 niurp qrz,
zlwk d frqvwdqw xqhpsor|phqw udwh/ 1 Vhfrqg/ lw lv vwudljkwiruzdug wkdw dq|
zrunhu zloo kdyh suredelolw|    ri ehlqj hpsor|hg/ E ri ehlqj orqj0whup
xqhpsor|hg/ dqg E  E ri ehlqj vkruw0whup xqhpsor|hg lq shulrg E6 n 
iurp qrz/ lqghshqghqwo| ri wkh suhvhqw hpsor|phqw uhfrug ri wkh zrunhu1 Wklug/ 
lv lqfuhdvlqj lq / vlqfh wkh elqrpldo fxpxodwlyh glvwulexwlrq ixqfwlrq lv ghfuhdvlqj
lq wkh lqghshqghqw vxffhvv suredelolw|1
Lq wkh uhdo zruog wkh xqhpsor|phqw ulvn ri dq douhdg| hpsor|hg zrunhu lv
ohvv wkdq wkdw ri dq douhdg| xqhpsor|hg +vhh h1j1 Od|dug hw1do1 4<<4 s1 559,1
Dvvxph wkhuhiruh wkdw wkh suredelolw| ri ehfrplqj xqhpsor|hg lq d shulrg lv
kE iru d zrunhu zkr zdv hpsor|hg wkh shulrg ehiruh/ dqg qE iru rqh zkr zdv
xqhpsor|hg1 Rxu edvlf dvvxpswlrqv duh wkdw/ f 	k E  q E  	 /d q g
wkdw kE dqg qE duh vwulfwo| lqfuhdvlqj lq 1 Wkhvh dvvxpswlrqv duh uhdolvwlf exw
vwloo frqwdlq wkh lqghshqghqw +elqrpldo, vshfldo fdvh19 Lq wkh pruh jhqhudo fdvh/
lw lv qrw reylrxv wkdw E6cc lv lqfuhdvlqj lq  gxh wr wkh ghshqghqfh ehwzhhq
shulrgv
Lq d vwhdg| vwdwh/  rz rxw ri xqhpsor|phqw E  q E htxdov  rz lqwr







Iru looxvwudwlrq zh { 6 '2 / dqg frpsxwh  iru wkh wzr uhohydqw fdvhv/  'fdqg
 ' 1 Iru wklv sxusrvh/ fdoo wkh frqvlghuhg shulrg iru zklfk zh zdqw wr frpsxwh
wkh lqflghqfh ri orqj whup xqhpsor|phqw qxpehu 6/ fdoo wkh wzr suhfhglqj sh0
ulrgv zklfk duh ghflvlyh iru wkh orqj whup2vkruw whup glvwlqfwlrq qxpehuv 5 dqg
4/ dqg wkh rqh ehiruh wkdw qxpehu 31 Lw lv dvvxphg wkdw xqhpsor|phqw kdv ehhq
 hyhu vlqfh shulrg 31 Iluvw/ ohw  'f / vr zh duh lqwhuhvwhg lq zklfk iudfwlrq ri
wkh xqhpsor|hg lq shulrg 6 zkr zhuh dovr xqhpsor|hg lq erwk ri shulrgv 4 dqg
51 Jr edfn wr shulrg 31 Khuh  zrunhuv duh hpsor|hg hdfk kdylqj suredelolw|
9Zh frxog kdyh frqvlghuhg ixuwkhu edfnzdug orrnlqj xqhpsor|phqw g|qdplfv zkhuh wkh
xqhpsor|phqw ulvn ghshqgv rq hyhq hduolhu shulrgv1 Zh devwdlq iurp wklv iru vlpsolflw| dqg
vlqfh hpslulfdo uhvhdufk srlqwv wr wkdw wkh elj lpsdfw rq xqhpsor|phqw ulvn frphv iurp uhfhqw
h{shulhqfh zkhuhdv hduolhu shulrgv duh ohvv lpsruwdqw/ vhh h1j1 Od|dug hw1do1 +4<<4, s1 5591
43kq
2 ri jhwwlqj xqhpsor|hg lq doo ri wkh shulrgv 406 +k iru shulrg 4/ dqg q iru hdfk
ri 5 dqg 6,/ zkloh  duh xqhpsor|hg hdfk kdylqj suredelolw| q
￿ ri xqhpsor|phqw
lq shulrgv 4061 Vr/ d wrwdo ri E  kq
2 n q
￿ zrunhuv duh xqhpsor|hg lq doo ri
wkh shulrgv 4061 Dqrwkhu h{suhvvlrq iru wklv lv E2cfc/ zkhuh e| pxowlso|lqj
 zlwk / rqh jrhv iurp phdvxulqj dv d iudfwlrq ri wkh xqhpsor|hg wr phdvxu0
lqj dv d iudfwlrq ri doo zrunhuv1 Vr/ E2cfc'E   k E   q
2 E  nq
￿E1
Glylglqj rq erwk vlghv e| / dqg xvlqj +714,/ jlyhv E2cfc'q
￿ E   1V l q f h q
lv vwulfwo| lqfuhdvlqj lq /v rl v E2cfc1 Wr frpsxwh E2cc rqh surfhhgv
wkh vdph zd| vwduwlqj iurp hlwkhu hpsor|phqw ru xqhpsor|phqw lq shulrg 3/
qrz dgglqj suredelolwlhv xs ryhu doo wkh odsvhv wkdw lqyroyh rqh ru }hur hpsor|0
phqw shulrgv dprqj shulrgv 405/ dqg xqhpsor|phqw lq shulrg 61 Wkhuh duh wkuhh
vxfk odsvhv dqg rqh jhwv E2cc'E  
k
kq
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Djdlq/ wklv lv lqfuhdvlqj lq 1
Qrwh iurp deryh wkdw wkh glylvlrq E2ccri xqhpsor|phqw lq orqj whup2vkruw
whup lv hvwdeolvkhg diwhu wkuhh shulrgv zlwk xqhpsor|phqw udwh 1 Xqghu wkh
frqvlghuhg xqhpsor|phqw g|qdplfv/ E6cc lv hvwdeolvkhg qr odwhu wkdq diwhu
E6nshulrgv +lq shulrg 6n2iurp qrz, zlwk frqvwdqw xqhpsor|phqw udwh 1
Lw lv dovr jhqhudo wkdw  lv lqfuhdvlqj lq /
Sursrvlwlrq 7141 Xqghu wkh dvvxpswlrqv phqwlrqhg deryh/ wkh lqflghqfh ri orqj
whup xqhpsor|phqw lv vwulfwo| lqfuhdvlqj lq wkh xqhpsor|phqw udwh1 Irupdoo|=
Li qE :k E   /k ￿E  :f /d q gq
￿E  :firu doo /w k h q E 6cc lv vwulfwo|
lqfuhdvlqj lq / lqghshqghqwo| ri 6 dqg  E  6  1
Surri1 = Vhh Dsshqgl{ D151
Ilqdoo|/ vlqfh wkh Pdunry fkdlq ghqhg e| wkh wudqvlwlrq suredelolwlhv k dqg
q lv luuhgxfleoh dqg dshulrglf/ / EE/d q gE duh dovr wkh orqj uxq
suredelolwlhv ri dq lqglylgxdo zrunhu ri hqglqj xs lq d vshflf shulrg lq hlwkhu ri
wkh fdwhjrulhv hpsor|hg/ vkruw0whup xqhpsor|hg/ ru orqj0whup xqhpsor|hg1
7151 Hpslulfdo Hylghqfh
Vrph h{lvwlqj hylghqfh vxjjhvwv wkdw wkh lqflghqfh ri orqj0whup xqhpsor|phqw lv
lqfuhdvlqj lq wkh udwh ri xqhpsor|phqw1 Iru h{dpsoh/ wkh RHFG frqfoxghv wkdw
*Lq jhqhudo/ kljk0xqhpsor|phqw frxqwulhv vxfk dv Luhodqg/ Lwdo| dqg Vsdlq w|sl0
fdoo| kdg wkh kljkhvw lqflghqfh ri OWX lq 4<;</ zlwk ryhu kdoi ri wkh xqhpsor|hg
44pdgh xs ri wkh orqj0whup xqhpsor|hg/ dqg orz0xqhpsor|phqw frxqwulhv vxfk dv
Qruzd|/ Ilqodqg dqg Vzhghq kdg wkh orzhvw1* ^RHFG 4<<5/ s19:` zkhuh OWX
ghqrwhv orqj0whup xqhpsor|hg1:
Zh orrn dw wkh ixqfwlrq E iru Ghqpdun zkhq wkh uxoh vwdwhv wkdw dq xq0
hpsor|hg lv fodvvlhg dv orqj0whup li kdylqj h{shulhqfhg ohvv wkdq % shu fhqw ri
hpsor|phqw gxulqj wkh odvw |hdu zkhuh % 5i fc2fcfcefcDfj1O h w  |eh wkh
dqqxdo xqhpsor|phqw udwh dqg ohw +| eh wkh iudfwlrq ri xqhpsor|phqw gxulqj d
|hdu fduulhg e| shuvrqv hpsor|hg ohvv wkdq % s h uf h q wr iw k h| h d u > |lv uhsruwhg
e| Vwdwlvwlfv Ghqpdun zkhuhdv +| lv fdofxodwhg iru wkh shulrg 4<:< wr 4<<9 xvlqj
gdwd iurp Vwdwlvwlfv Ghqpdun +vhh Dsshqgl{ D16,1 Lq Iljxuh 4 zh kdyh sorwwhg
+| dv ixqfwlrq ri | iru hdfk ri wkh yh uxohv ghvfulehg deryh1
+ I l j x u h4k h u h ,
Iljxuh 4 uhyhdov d fohdu srvlwlyh uhodwlrqvkls ehwzhhq lqflghqfh ri orqj0whup
xqhpsor|phqw dqg wkh xqhpsor|phqw udwh lqghshqghqwo| ri zklfk ri wkh yh uxohv
lv frqvlghuhg +fruuhodwlrq0frh!flhqwv duh glvsod|hg wr wkh uljkw ri wkh fxuyhv,1;
Xqiruwxqdwho|/ +| glhuv iurp wkh wkhruhwlfdo E/ vlqfh wkh odwwhu lv wkh vwhdg|
vwdwh lqflghqfh diwhu d fhuwdlq qxpehu ri shulrgv zlwk d frqvwdqw 1 Krzhyhu/ wklv
sureohp pljkw qrw eh fuxfldo dv wkh gdwd uhsuhvhqwv dyhudjh ydoxhv ri 85 shulrgv1
Iru wkh qxphulfdo h{huflvhv lq wkh qh{w vhfwlrq/ zh zloo qhhg dq hvwlpdwh ri wkh
hodvwlflw| #/ wkh shufhqwdjh fkdqjh lq wkh lqflghqfh ri orqj0whup xqhpsor|phqw
fdxvhg e| d rqh shu fhqw fkdqjh lq wkh xqhpsor|phqw udwh/ zklfk lv lpsruwdqw iru
wkh vl}h ri wkh hhfwv uhsruwhg lq Vhfwlrq 61 Lw lv eh|rqg wkh vfrsh ri wklv sdshu
+uho|lqj rq d uhodwlyh vpdoo vdpsoh, wr hvwlpdwh d orqj uxq uhodwlrqvkls ri E lq
d ixoo| g|qdplf prgho ri +|1 Lqvwhdg/ zh zloo mxvw uho| rq d urxjk hvwlpdwh ri #




zkhuh B￿ dqg B2 duh sdudphwhuv dqg l| dq huuru whup1 D gluhfw orj0olqhdu hvwlpdwlrq
jlyhv vljqlfdqw dqg uhodwlyh odujh ydoxhv ri B2 exw xqvdwlvidfwru| uhvlgxdov dovr
zkhq lqfoxglqj wlph wuhqg dqg odjjhg ydoxhv ri wkh yduldeohv1 Wkhuhiruh/ zh kdyh
:RHFG gh￿qhv OWX dv shuvrqv xqhpsor|hg 45 prqwkv ru pruh1
;Rqh pd| qrwh wkdw wkh uxohv { 5i 93>:3>;3><3j vkrz d vlplodu srvlwlyh uhodwlrqvkls1 Reyl0
rxvo|/ wklv lv qrw wkh fdvh iru { @4 3 3zkhuh |w @4; w 1
45fkrvhq wr uhsruw wkh pruh frqvhuydwlyh hvwlpdwhv edvhg rq dq hvwlpdwlrq lq orj0
glhuhqfhv/




E*L}|  *L}|3￿n1 |c +716,
zkhuh wkh qhz huuru whup 1| htxdov *L}l|  *L}l|3￿/ wkh frh!flhqw /2 lv rxu
hvwlpdwh ri wkh hodvwlflw| #/ dqg wkh odehov ehorz wkh frh!flhqwv lqglfdwh wkh
h{shfwhg ydoxh dqg vljq/ uhvshfwlyho|1 Wkh uhvxowv ri wkh hvwlpdwlrqv duh jlyhq lq
Wdeoh 41
Wdeoh 4= Hvwlpdwlrq ri +716,1
% ' f %'2 f %' f %'e f %'D f
/ ￿ 3134 Efee 3133 Ef2f 3133 EffD 3133 Eff 03133 Ef
/2 318: E.. 3197 ESfe 318< E.2S 3183 EH2 3175 Ebf
U2 3/7< 3/:4 31:; 31;5 31;8
Vwg1 Huu1 313:43 3137<7 3136:; 3135;8 313545
DUE 3148 Ef.f 3133 Eff 3134 Efbe 316; EfDe 31<7 Ef
DUE2 4145 EfD. 4197 Efee 4189 EfeS 4144 EfD. 4186 Efe.
Qrupdolw| 6188 Ef. 7134 Ef 71:5 Effb 7194 Eff 7184 Ef
DUFK 4 318; EfeS 3166 EfDH 3134 Efb 3143 Ef.D 3154 EfSS
Qrwh= Sduhqwkhvhv diwhu hvwlpdwhg sdudphwhuv duh w0ydoxhv1 DU+4, dqg DU+5, duh ￿20whvwv iru dxwrfruuhodwhg
uhvlgxdov/ Qrupdolw| lv d ￿2E2￿0whvw iru qrupdoo| glvwulexwhg uhvlgxdov/ dqg DUFK lv d I0whvw iru dxwruhjuhvvlyh
frqglwlrqdo khwhurvfhgdvwlflw|1 Sduhqwkhvhv diwhu gldqrvwlfv duh s0ydoxhv1
Wdeoh 4 frqupv wkh suhvxpswlrq frqfhuqlqj wkh wzr sdudphwhuv> /￿ lv forvh
wr }hur dqg lqvljqlfdqw iru hdfk uxoh zkhuhdv /2 lv srvlwlyh dqg vljqlfdqw1 Zh
zloo wdnh wklv dv urxjk hylghqfh iru dq hodvwlflw| # lq wkh lqwhuydo dfe2cfSeo<
<D gluhfw orj0olqhdu hvwlpdwlrq ri +715, |lhogv vljql￿fdqw hvwlpdwhv lq wkh udqjh ^3=74>3=:9‘1D
orj0olqhdu hvwlpdwlrq lqfoxglqj d vljql￿fdqw wlph wuhqg |lhogv vljql￿fdqw hvwlpdwhv lq wkh udqjh
^3=6;>3=85‘1 Erwk ri wkhvh hvwlpdwlrqv duh/ krzhyhu/ rxwshuiruphg e| +716,1 Wuhqg dqg odjjhg
ydoxhv ehfrph lqvljql￿fdqw li lqfoxghg lq wklv hvwlpdwlrq1 Judskv lq wkh Dsshqgl{ vkrz wkdw
wkh odvw 6 revhuydwlrqv pljkw frqwulexwh d orw wr wkh hvwlpdwhv1 Dq hvwlpdwlrq ri +716, h{foxglqj
wkhvh revhuydwlrqv |lhogv hvwlpdwhv lq wkh udqjh ^3=6;>3=87‘1
4681 Vrph Qxphulfdo H{huflvhv
Zh qrz xvh wkh hvwlpdwhg hodvwlflwlhv lq Wdeoh 4 wr surylgh dq lpsuhvvlrq ri wkh
srvvleoh pdjqlwxghv ri wkh hhfwv suhvhqwhg lq Vhfwlrq 61 Iurp dq lqlwldo vlwxdwlrq
zkhuh K￿ ' K2 ' K/ zh frpsduh wkh zdjh hhfw iurp wkh vwdqgdug h{shulphqw ri
ghfuhdvlqj wkh frpprq K zlwk rqh shufhqw wr wkdw ri uhedodqflqj K￿ dqg K2 dw
dowhuqdwlyh vkruw0whup2orqj0whup uxohv1 Zh duh lqwhuhvwhg lq krz odujh d iudfwlrq
ri wkh zdjh uhgxflqj hhfw iurp wkh vwdqgdug h{shulphqw lv rewdlqhg e| wkh vhfrqg
w|sh ri h{shulphqwv1
Zh dvvxph wkdw erwk wkh oderxu ghpdqg fxuyh u/ dqg wkh lqflghqfh ixqfwlrq
 duh lvr0hodvwlf vr wkdw wkh irupxod +515, iru wkh rswlpdo zdjh W uhgxfhv wr/

W '




Wr gr wkh fdofxodwlrqv ehorz rqh qhhgv lq sulqflsoh wkh ydoxh ri EEW iru
wkh sduwlfxodu uxoh frqvlghuhg1 Wkh hvwlpdwlrq lq Wdeoh 4 glg qrw ghwhuplqh wkh
ydoxh ri B￿>w k x vlv qrw ixoo| ghwhuplqhg1 Krzhyhu/ iru hdfk |hdu wkh ydoxh ri 
lv dssur{lpdwho| +| lq wkh gdwd1 Lq wkh iroorzlqj zh wdnh 4<<3 dv d edvh |hdu1 Wklv
lv fkrvhq iru wzr uhdvrqv= Iluvw/ erwk zlwk uhvshfw wr wkh udwh ri xqhpsor|phqw
dqg zlwk uhvshfw wr wkh lqflghqfh ri orqj0whup xqhpsor|phqw |hdu 4<<3 lv lq
wkh plggoh ri wkh vdpsoh dw dq| ri wkh uxohv % 5i fc2fcfcefcDfj +vhh Iljxuh
4,1 Vhfrqg/ lq Ghqpdun lw zdv vwloo srvvleoh lq 4<<3 wr rewdlq wkh vdph ohyho ri
xqhpsor|phqw ehqhw iru durxqg 43 |hduv zklfk lv forvh wr d v|vwhp ri d xqlirup
udwh iru doo xqhpsor|hg +uhirupv lq wkh qlqhwlhv fkdqjhg wkdw,1 Wklv lv lpsruwdqw
zkhq frpsdulqj uhirupv wkdw vsolw xqhpsor|phqw ehqhwv zlwk wkh wudglwlrqdo
h{huflvh ri fkdqjlqj d frpprq K1 Lq wkh iroorzlqj h{huflvhv/ zh vlpso| vxevwlwxwh
+￿bbf iru EEW iru wkh uxoh xqghu frqvlghudwlrq +vhh Wdeoh D5 lq Dsshqgl{,1
Iluvw zh frqvlghu djdlq wkh vlpsoh h{shulphqw ri lqfuhdvlqj wkh ehqhw udwh K￿
ri wkh vkruw0whup xqhpsor|hg ohdylqj hyhu|wklqj hovh xqfkdqjhg1 Vwduwlqj iurp






WE n #c +815,
43Frqvlghulqj z￿ dv d ixqfwlrq ri e4/ z+e4,/ lpsolflw gl￿huhqwldwlrq ri +814, jlyhv z3 @ ￿
4 ￿ +4 . ￿,+!
3x3z3+e4 ￿ e5,.!
￿
@ +4 ￿ 4
%,1 Phdvxulqj dw e4 @ e5/ dqg pxowlso|lqj e| e4
z￿ rq
erwk vlghv jlyh +815,1
47zklfk lv ohvv wkdq wkh vwdqgdug hodvwlflw| ri rqh1 Wkh frqglwlrq   E n # 	 f
iru dq lqfuhdvh lq K￿ wr lpso| d orzhu zdjh lv ylrodwhg iru doo ri wkh uxohv frqvlg0
huhg/ h1j1 iru % '2 fwkh frqglwlrq vwdwhv  	 f2E n fSe1W k x v /l q f u h d v h vl q
xqhpsor|phqw ehqhwv ri wkh vkruw0whup xqhpsor|hg gr lqfuhdvh zdjhv dqg xq0
hpsor|phqw1 Krzhyhu/ wkh hhfw pd| zhoo eh udwkhu vpdoo dv lqglfdwhg e| Wdeoh
5/ rewdlqhg e| lqvhuwlqj +￿bbf dqg hvwlpdwhv ri # fruuhvsrqglqj wr wkh glhuhqw
uxohv/
Wdeoh 5= Zdjh hodvwlflw| zlwk uhvshfw wr ehqhw
ri vkruw0whup xqhpsor|hg1
% G f 2f f ef Df
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
Wkh odvw froxpq glvsod|v wkh +v,wdqgdug rqh0wr0rqh hhfw1 Wkh uvw froxpq
v k r z vw k d wz d j h vu l v he |r q o |f  SDI +98( ri wkh vwdqgdug hhfw,/ iroorzlqj d
rqh shu fhqw lqfuhdvh lq wkh vkruw0whup ehqhw ohyho li vkruw0whup xqhpsor|hg duh
wkrvh zkr kdyh ehhq hpsor|hg pruh wkdq fI gxulqj d |hdu1 Prylqj wr wkh uljkw
lq wkh Wdeoh uhyhdov wkdw wkh hodvwlflw| ghfolqhv udslgo| dv wkh jurxs hqwlwohg wr
wkh vkruw0whup ehqhw udwh lv uhgxfhg> h1j1 iru % 'D fwkh zdjh uhvsrqvh lv rqo|
I ri wkh vwdqgdug hhfw/ dowkrxjk wkh jurxs hqwlwohg wr wkh udlvh lq ehqhwv
dffrxqwv iru HI ri xqhpsor|phqw1
Zh qrz wxuq wr vwuxfwxudo uhirupv wkdw uhedodqfh wkh ehqhw udwhv nhhslqj
zrunhu zhoiduh l {hg1 Dv ghprqvwudwhg lq Vhfwlrq 6/ wklv w|sh ri uhirup lqyroyhv
qr ihhg0edfn hhfwv1 Vr/ zkhq zh frpsxwh wkh zdjh uhvsrqvh iurp d fkdqjh lq
rqh ri wkh ehqhw udwhv zh fdq vlpso| surfhhg dv iroorzv= Wkh uhdfwlrq lq wkh
rwkhu ehqhw udwh lv jlyhq e| _K2
_K￿ ' 
￿3￿
￿ / fi1 +618,/ dqg wkh hhfw rq W lv
wkhq frpsxwhg iurp +814, wdnlqj lqwr dffrxqw wklv uhdfwlrq144 Lw lv hdvlhvw uvw wr
frpsxwh wkh sduwldo hodvwlflw| ri W zuw1 d fkdqjh lq K21 Mxvw dv +815, zdv ghulyhg/
zh jhw +xvlqj K2*K￿ ' ,/
4￿WK2 ' EE
WE n # +816,
Qrz/ frpsduh d rqh shu fhqw uhgxfwlrq lq wkh frpprq ehqhw ohyho wr d uhedo0
dqflqj wkdw uhgxfhv wkh ehqhw ohyho K2 ri orqj0whup xqhpsor|hg dovr e| rqh shu







44Iurp wkh surri ri Wkhruhp 614/ lw iroorzv wkdw iurp dq lqlwldo vlwxdwlrq ri e4 @ e5/ wkh zdjh
h￿hfw ri d uhirup wkdw nhhsv ￿ ￿{hg lv wkh vdph dv wkh zdjh h￿hfw ri d uhirup wkdw nhhsv xwlolw|
ri dq xqhpsor|hg ￿{hg1 Vr/ wkh frpsxwdwlrqv wr iroorz fryhu erwk w|shv ri uhirup1









iurp zklfk zh frpsxwh/
Wdeoh 6= Zdjh hhfwv ri uhedodqflqj ehqhwv zkhq
e2 lv ghfuhdvhg e| rqh shu fhqw1
% G f 2f f ef Df
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Wkh odvw froxpq glvsod|v wkh rqh shu fhqw uhgxfwlrq lq wkh zdjh ri d rqh shu
fhqw uhgxfwlrq ri wkh frpprq ehqhw ohyho1 Wkh rwkhu froxpqv vkrz wkdw lw lv
srvvleoh wr dfklhyh SIcfI/ dqg vr irxuwk +ghshqglqj rq wkh uxoh, ri wklv hhfw
e| uhgxflqj rqo| wkh ehqhw udwh ri orqj0whup xqhpsor|hg e| wkh vdph dprxqw
+4(,/ dqg dw wkh vdph wlph lqfuhdvh wkh ehqhw udwh ri vkruw0whup xqhpsor|hg wr
nhhs ryhudoo zrunhu zhoiduh xqfkdqjhg1 Wkxv/ uhedodqflqj ri ehqhwv lv fohduo| dq
lqwhuhvwlqj dowhuqdwlyh wr wkh vwdqgdug uhgxfwlrq ri doo ehqhw udwhv1
Rxu odvw h{shulphqw dvnv krz pxfk wkh ehqhw udwhv kdyh wr eh dgmxvwhg lq
rughu wr rewdlq d rqh shu fhqw uhgxfwlrq lq wkh zdjh udwh dqg vwloo ixooo wkh










K2/x v hK ￿*K2 ' / dqg lqvhuw iurp deryh wklv
jlyhv/ ' # _K￿













Wdeoh 7 iroorzv e| lqvhuwlqj  dqg # dffruglqj wr wkh frqvlghuhg uhirup/
Wdeoh 7= Shufhqwdjh fkdqjh qhhghg wr rewdlq d 4(
fkdqjh lq wkh zdjh wkurxjk uhedodqflqj1
% G f 2f f ef Df
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Lw iroorzv wkdw d rqh shu fhqw zdjh uhgxfwlrq wkdw ohdyhv zrunhu zhoiduh xq0
fkdqjhg fdq eh rewdlqhg lq pdq| zd|v ghshqglqj rq zklfk uxoh lv xvhg wr fodvvli|
xqhpsor|hg dv orqj0whup1 Iru lqvwdqfh/ lw pd| eh dfklhyhg e| uhgxflqj wkh udwh
49ri orqj0whup e| HI/ dqg lqfuhdvlqj wkh udwh ri vkruw0whup e| 2fI/l iw k hu x o h
lv % 'e fzkhuh orqj0whup dffrxqw iru dssur{lpdwho| kdoi ri wkh xqhpsor|phqw1
Wklv lv dq dwwudfwlyh dowhuqdwlyh/ zh eholhyh/ wr wkh I uhgxfwlrq ri erwk ehqhw
ohyhov uhtxluhg lq wkh vwdqgdug prgho wr rewdlq wkh vdph ehqhfldo hhfw rq zdjh
dqg xqhpsor|phqw1
91 Frqfoxglqj Uhpdunv
Wkh vwuxfwxuh ri ehqhw v|vwhpv kdv qrw uhfhlyhg pxfk dwwhqwlrq lq wkh odujh erg|
ri olwhudwxuh rq wudgh xqlrqv +vhh h1j1 Iduehu 4<;9 dqg Errwk 4<<8,1 Vrph sdshuv
kdyh dqdo|vhg wkh lqfhqwlyh hhfwv ri dowhulqj wkh qdqflqj ri xqhpsor|phqw
ehqhwv +h1j1 Kropoxqg ) Oxqgeruj 4<;;/ 4<;<, exw/ wr rxu nqrzohgjh/ qrqh
kdyh dqdo|vhg wkh srvvlelolw| ri uhvwuxfwxulqj wkh glhuhqw ehqhw udwhv zlwklq wkh
ehqhw v|vwhp145 Wklv lv d vkruw0frplqj dv rxu uhvxowv vkrz wkdw d uhedodqflqj
pd| lqfuhdvh h!flhqf| dw uhodwlyho| orz frvwv1
Rqh pljkw txhvwlrq wkh jhqhudolw| ri wkh frqfoxvlrqv dv wkh uhvxowv zhuh gh0
ulyhg lq d vlpsoh prqrsro| xqlrq vhwwlqj1 Rxu uhvxowv fdq/ krzhyhu/ hdvlo| eh
jhqhudol}hg wr d prgho zlwk +Qdvk, zdjh edujdlqlqj1 Zh kdyh fkrvhq wr devwudfw
iurp wklv ehfdxvh ri wkh zhoo nqrzq/ dqg lq rxu fdvh gl!fxow/ sureohp ri krz
wr ghqh wkh glvdjuhhphqw srlqw1 Ixuwkhupruh/ lw lv vkrzq lq Dsshqgl{ wkdw wkh
uhvxowv duh qhduo| lghqwlfdo li zrunhuv duh ulvn dyhuvh1
Wkh uhvxowv ri rxu sdshu vxssruw vwurqjo| uhirupv wkdw uhedodqfh ehqhw udwhv
lq idyrxu ri vkruw0whup xqhpsor|hg1 Krzhyhu/ rqh vkrxog eh fdxwlrxv zlwk srolf|
uhfrpphqgdwlrqv ehiruh wdnlqj lqwr frqvlghudwlrq rwkhu hhfwv ri vxfk uhirupv1
Dq reylrxv zruu| frqfhuqv wkh glvwulexwlrqdo hhfwv lq d zruog ri khwhurjhqhrxv
oderxu> d frpprq uhirup iru wkh zkroh oderxu pdunhw pd| kdyh dgyhuvh hhfwv rq
jurxsv kdylqj d kljk ulvn ri xqhpsor|phqw1 Rq wkh rwkhu kdqg/ wkh uhirupv pd|
dovr kdyh ehqhfldo hhfwv ryhu wkh f|foh iurp d vwdelol}dwlrq srlqw ri ylhz1 Wkh
idfw wkdw pdq| xqhpsor|hg idoo grzq rq wkh orz udwh gxulqj d grzqwxuq uhgxfhv
wkh zdjh suhvvxuh ri wkh xqlrq1 Wkxv/ vxfk uhirupv fdq dovr zrun dv *dxwrpdwlf
vwdelol}huv* +wkurxjk wkh vxsso| vlgh,1
45Vxfk lvvxhv kdyh ehhq dgguhvvhg zlwklq *sduwldo0sduwldo* vhdufk wkhru|1 H1j1 Vkdyhoo ) Zhlvv
+4<:<, vkrzv xqghu uhodwlyh plog frqglwlrqv wkdw wkh ehqh￿w vfkhph pd{lpl}lqj h{shfwhg xwlolw|
ri xqhpsor|hg lqyroyhv ghfolqlqj ehqh￿w ohyho ryhu wlph zkhq zrunhuv dfw lq d vhoi0lqwhuhvwhg
zd| dqg wrwdo ehqh￿w h{shqglwxuhv duh ￿{hg1
4:Uhihuhqfhv
^4` Dwnlqvrq/ D1 E1 ) Plfnohzuljkw/ M1/ 4<<4/ *Xqhpsor|phqw Frpshqvdwlrq
dqg Oderu Pdunhw Wudqvlwlrqv= D Fulwlfdo Uhylhz*/ Mrxuqdo ri Hfrqrplf
Olwhudwxuh 5</ ss1 49:<04:5:1
^5` Errwk/ D1 O1/4<<8/ *Wkh Hfrqrplfv ri wkh Wudgh Xqlrq*/ Fdpeulgjh= Xql0
yhuvlw| Suhvv1
^6` Exughww/ N1/ 4<:</ *Xqhpsor|phqw Lqvxudqfh Sd|phqwv dv d Vhdufk Vxevlg|=
D Wkhruhwlfdo Dqdo|vlv*/ Hfrqrplf Lqtxlu| 4:+6,/ ss1 66606761
^7` Gxqors/ M1 W1/ 4<77/ *Zdjh Ghwhuplqdwlrq Xqghu Wudgh Xqlrqv*/ Qhz \run=
Pdfploodq1
^8` Iduehu/ K1 V1/ 4<;9/ *Wkh Dqdo|vlv ri Xqlrq Ehkdylru* lq Dvkhqihowhu/ R1
) Od|dug/ U1 +hgv1,/ Kdqgerrn ri Oderu Hfrqrplfv LL/ Dpvwhugdp= Qruwk0
Kroodqg1
^9` Kropoxqg/ E1 ) Oxqgeruj/ S1/ 4<;;/ *Xqhpsor|phqw Lqvxudqfh dqg Xqlrq
Zdjh Vhwwlqj*/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv <3+5,/ ss1 49404:51
^:` Kropoxqg/ E1 ) Oxqgeruj/ S1/ 4<;</ *Xqhpsor|phqw Lqvxudqfh Vfkhphv iru
Uhgxflqj wkh Qdwxudo Udwh ri Xqhpsor|phqw*/ Mrxuqdo ri Sxeolf Hfrqrplfv
6;/ ss1 40481
^;` Ndw}/ O1 I1 ) Ph|hu/ E1 G1/ 4<<3/ *Wkh Lpsdfw ri wkh Srwhqwldo Gxudwlrq
ri Xqhpsor|phqw Ehqhwv rq wkh Gxudwlrq ri Xqhpsor|phqw*/ Mrxuqdo ri
Sxeolf Hfrqrplfv 74/ ss1 780:51
^<` Pruwhqvhq/ G1/ 4<::/ *Xqhpsor|phqw Lqvxudqfh dqg Mre Vhdufk Ghflvlrqv*/
Lqgxvwuldo dqg Oderxu Uhodwlrqv Uhylhz 63+7,/ ss1 838084:1
^43` Od|dug/ U1/ Qlfnhoo/ V1 ) Mdfnpdq/ U1/ 4<<4/ *Xqhpsor|phqw= Pdfurhfrqrplf
Shuirupdqfh dqg wkh Oderxu Pdunhw*/ R{irug Xqlyhuvlw| Suhvv1
^44` Rujdql}dwlrq iru Hfrqrplf Fr0rshudwlrq dqg Ghyhorsphqw/ 4<<5/ Hpsor|0
phqw Rxworrn +Mxo|,1
^45` Rvzdog/ D1 M1/ 4<;8/ *Wkh Hfrqrplf Wkhru| ri Wudgh Xqlrqv= Dq Lqwurgxf0
wru| Vxuyh|*/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv ;:+5,/ ss1 49304<61
4;^46` Rvzdog/ D1 M1/ 4<;:/ *Qhz Uhvhdufk rq wkh Hfrqrplfv ri Wudgh Xqlrqv dqg
Oderu Frqwudfwv*/ Lqgxvwuldo Uhodwlrqv 59+4,/ ss1 630781
^47` Slvvdulghv/ F1 +4<<3,= Htxloleulxp Xqhpsor|phqw Wkhru|1 R{irug= Eodfn0
zhoo1
^48` Vkdslur/ F1 ) Vwljolw}/ M1/ 4<;7/ *Htxloleulxp Xqhpsor|phqw dv d Zrunhu
Glvflsolqh Ghylfh*/ Dphulfdq Hfrqrplf Uhylhz :7/ ss1 76607771
^49` Vkdyhoo/ V1 ) Zhlvv/ O1 +4<:<,/ *Wkh Rswlpdo Sd|phqw ri Xqhpsor|phqw
Lqvxudqfh Ehqhwv ryhu Wlph*/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;:+9,/s s 14 6 7 : 0
46951
4<Figure 1
Source: Calculations based on data from Statistics Denmark.
Fraction of unemployment carried by long-term unemployed as 



















































































































Khuh/ zh suryh wkdw Wkhruhp 614 lv xqfkdqjhg zkhq xqlrq phpehuv duh ulvn
dyhuvh1 Zh dovr vkrz wkdw Fruroodu| 615 vwloo krogv li wkh lqlwldo htxloleulxp lv
fkdudfwhul}hg e| d xqlirup ehqhw ohyho/ l1h1 K￿ ' K21 Dvvxph wkdw wkh  rz xwlolw|
ri d xqlrq phpehu lv fkdudfwhul}hg e| wkh vwulfwo| frqfdyh ixqfwlrq  E% zkhuh
% lv wkh  rz lqfrph htxdo wr / K￿/r uK 2ghshqglqj rq wkh fxuuhqw vwdwh ri wkh
zrunhu1 Lq wklv fdvh/ wkh remhfwlyh ixqfwlrq ri wkh xqlrq htxdov
lEcK￿cK 2'E  EndE  E EK￿nE  E K 2o
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l￿ EcK￿cK 2'
￿ E  EE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￿ E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￿ EEodEK￿  EK2o






l￿￿ EWcK ￿cK 2
c
zklfk lv qhjdwlyh dv l￿￿ EWcK ￿cK 2 	 f lv wkh vhfrqg rughu frqglwlrq ri wkh
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c
zklfk lv qhjdwlyh li wkh prgho lv vwdeoh +l1h1 wkh ghqrplqdwru kdv wr eh qhjdwlyh,1
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Wkh uvw qxphudwru lv fohduo| srvlwlyh dqg wkh dvvxpswlrq K￿  K2 lpsolhv wkdw dovr
wkh vhfrqg qxphudwru lv srvlwlyh zkhuhdv erwk ghqrplqdwruv kdyh wr eh qhjdwlyh
dv d vwdelolw| uhtxluhphqw1 Wkxv/ wkh wrwdo hhfw lv xqdpeljxrxvo| qhjdwlyh1
53Wr suryh Fruroodu| 615/ zh mxvw kdyh wr suryh wkdw zhoiduh lqfuhdvhv zkhq ehq0
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Wkh uvw whup lv qrq0srvlwlyh ehfdxvh ri wkh dvvxpswlrq K￿  K21 Wkh vhfrqg
whup lv srvlwlyh ehfdxvh _￿W
_K￿ lv qhjdwlyh dqg
dK￿  EE
WE n # EE
WEK￿  K2o : fc
zklfk iroorzv iurp wkh qxphudwru ri wkh zdjh htxdwlrq +515,1 Wkxv/ wkh wrwdo
hhfw lv dpeljxrxv1 Krzhyhu/ li K￿ ' K2 lq wkh lqlwldo htxloleulxp wkhq wkh uvw
whup ydqlvkhv dqg wkh wrwdo hhfw lv srvlwlyh1
D151 Surri ri sursrvlwlrq 714
Iru wkh vdnh ri wklv surri ohw E6cc eh wkh +vwhdg| vwdwh, iudfwlrq ri wkh hp0
sor|hg lq wkh frqvlghuhg shulrg zkr kdg  ru ihzhu hpsor|phqw shulrgv gxulqj
wkh odvw 6 shulrgv suhfhglqj wkh frqvlghuhg rqh1 Mxvw olnh zlwk  deryh/ rqh
fdq frpsxwh E2cfc'k E   q E   /d q g E2cc'2 k E  k 2 E   1R i f r x u v h /
 E2c2c' E2c2c' 1 Zkdw lv lpsruwdqw wr qrwh iru wklv surri lv wkdw iru
doo c lqfoxglqj  ' 6 '2 / E2cc  E2cc +wklv xvhv q  k,/ dqg iru doo
  6  ' /w k d wl v /'fru / erwk E2cc dqg E2cc duh vwulfwo|
lqfuhdvlqj lq 1
Dvvxph iru 6 ' &   wkdw iru doo   6/ E6cc  E6cc/ dqg iru doo
  6  / erwk E6cc  dqg E6cc duh vwulfwo| lqfuhdvlqj lq 1 Zh zloo
vkrz wkdw wkhq wkh vdph krogv iru 6 ' &1 Wklv zloo qlvk d surri e| lqgxfwlrq
vlqfh wkh uvw vwhs lv hvwdeolvkhg deryh1
Qrz/ E&cc lv wkh iudfwlrq ri doo z r u n h u vz k rd u hx q h p s o r | h gl qw k h
frqvlghuhg shulrg dqg hpsor|hg lq  ru ihzhu ri wkh suhfhglqj & shulrgv1 Lq wkh
shulrg mxvw ehiruh wkh frqvlghuhg rqh/ wkdw lv/ wkh odvw shulrg ri wkh & suhfhglqj
54rqhv/ fdoo lw shulrg / hdfk vxfk zrunhu pxvw kdyh ehhq hlwkhu hpsor|hg ru
xqhpsor|hg1 Vr/ hdfk ri wkh fxuuhqwo| xqhpsor|hg zrunhuv dprqj wkh E&cc
pxvw hlwkhu eh dprqj wkrvh zkr 4, zhuh hpsor|hg lq shulrg /d q gk d gd w
prvw   hpsor|phqw shulrgv rxw ri wkh & shulrgv mxvw suhfhglqj shulrg /
ru eh dprqj wkrvh zkr 5, zhuh xqhpsor|hg lq shulrg /d q gk d gd wp r v w
hpsor|phqw shulrgv rxw ri wkh & shulrgv mxvw ehiruh 1L qj u r x s4, wkhuh duh
EE&cczrunhuv hdfk ehfrplqj xqhpsor|hg lq wkh frqvlghuhg shulrg
zlwk suredelolw| k>l qj u r x s5, wkhuh duh E&  cc zrunhuv hdfk ehfrplqj
xqhpsor|hg zlwk suredelolw| q1W k x v /E&cc'E    E & cckn
E&  ccq/z k h u h& /v r E & cc lv dozd|v phdqlqjixo +exw lq
fdvh  ' &/ lw htxdov rqh,1 D vlplodu uhzulwlqj fdq eh pdgh iru EE&cc
jlylqj dowrjhwkhu/
E&cc'E    E & cckEnE&  ccqEc
E  E&cc'E    E & ccE  kE n E&  ccE  qEc
kroglqj iru doo   &  1 Glylglqj rq erwk vlghv zlwk  dqg    uhvshfwlyho|/
xvlqj +714,/ dqg uhduudqjlqj jlyh/
E&cc' E & ccnqE  dE&ccE&ccoc
E&cc' E & ccnk E  dE&ccE&cco
E| wkh lqgxfwlrq k|srwkhvlv/ E& ccE&cciru doo   & 1 Vlqfh
E&  ccE&cc/ wkh vtxduh eudfnhwv duh srvlwlyh/ dqg wkhq vlqfh
qE  kE/z hk d y h E &cc  E&cc iru doo   &  1 Exw lw dovr krogv iru














Iurp wkh lqgxfwlrq k|srwkhvlv wkh vtxduh eudfnhw lv djdlq srvlwlyh +srvvleo| }hur,
dqg dovr doo ri wkh sduwldo ghulydwlyhv rq wkh uljkw kdqg vlgh duh srvlwlyh zlwk
dw ohdvw wkh rqh iru  ehlqj vwulfwo| srvlwlyh1 Vlqfh f 	q	 / lw iroorzv wkdw
YE&cc*Y lv vwulfwo| srvlwlyh iru doo   &  1 Vlploduo| fdq eh grqh iru
YE&cc*Y1 Zh kdyh wkxv hvwdeolvkhg zkdw zdv uhtxluhg iru 6 ' &1
55D161 Gdwd Frqvwuxfwlrq
Wdeoh D4 frqwdlqv wkh gdwd rewdlqhg iurp Vwdwlvwlfv Ghqpdun1 Wkh vhfrqg froxpq
frqwdlqv wkh xqhpsor|phqw udwh zkhuhdv wkh qh{w 43 froxpqv frqwdlq wkh glvwul0
exwlrq ri xqhpsor|hg shuvrqv gxulqj d |hdu rq glhuhqw xqhpsor|phqw vshoov/
l1h1 wkh uvw glvsod|v wkh qxpehu ri xqhpsor|hg shuvrqv +lq wkrxvdqgv, zkr kdyh
ehhq xqhpsor|hg ehwzhhq f dqg fI gxulqj d |hdu/ wkh qh{w froxpq glvsod|v wkh
qxpehu ri xqhpsor|hg zkr kdyh ehhq xqhpsor|hg ehwzhhq fI dqg 2fI gxulqj
d |hdu/ hwf1 Wr rewdlq +|/ zh uvw fdofxodwh wkh qxpehu ri ixoo0wlph xqhpsor|hg











zkhuh lw lv dvvxphg wkdw wkh dyhudjh ohqjwk ri wkh vshoo iru d jurxs lv wkh plg0
srlqw/ h1j1 ffD iru wkh uvw jurxs1 Qrz/ +| lv fdofxodwhg iru wkh yh glhuhqw uxohv
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Wdeoh D5 frqwdlqv wkh ydoxhv ri wkhvh yduldeohv zklfk duh looxvwudwhg judsklfdoo|
ryhu wlph lq Iljxuh D4 wrjhwkhu zlwk wkh xqhpsor|phqw udwh1
56Table A1. Unemployment rate and data used for calculating y(t).
Year u (%) Z1 Z2 Z3 Z4 Z5 Z6 Z7 Z8 Z9 Z10
1979 6.1 199.2 97.8 72.8 51.9 38.7 28.9 24.0 18.4 14.5 28.6
1980 7.0 200.2 100.3 73.2 57.2 45.9 32.0 26.7 21.0 17.2 37.2
1981 9.2 176.1 102.4 76.8 65.5 58.3 44.8 39.8 33.2 32.4 50.8
1982 9.8 183.9 96.2 84.3 74.4 66.4 49.5 43.2 36.3 31.7 55.9
1983 10.5 187.9 90.9 80.9 78.7 81.7 55.5 46.7 38.5 34.5 60.6
1984 10.1 188.3 94.2 83.3 76.1 75.9 51.2 45.2 37.2 33.4 61.6
1985 9.1 212.8 99.4 82.9 76.4 72.0 46.8 39.3 31.9 27.9 51.7
1986 7.9 222.7 97.8 78.3 71.0 60.3 41.3 35.3 26.1 22.9 42.8
1987 7.9 241.0 97.4 79.3 67.9 61.2 40.1 33.7 26.6 23.4 45.5
1988 8.7 199.0 97.0 79.0 71.0 66.0 44.0 37.0 30.0 27.0 55.0
1989 9.5 184.0 96.0 80.0 71.0 70.0 47.0 42.0 36.0 31.0 62.0
1990 9.7 187.0 98.0 83.0 72.0 73.0 48.0 45.0 36.0 31.0 64.0
1991 10.6 179.0 89.0 92.0 72.0 80.0 52.0 48.0 41.0 35.0 75.0
1992 11.3 177.0 95.0 92.0 79.0 80.0 56.0 55.0 42.0 37.0 84.0
1993 12.4 180.0 102.0 93.0 79.0 85.0 58.0 55.0 45.0 42.0 103.0
1994 12.2 191.0 99.0 84.0 68.0 69.0 53.0 51.0 43.0 41.0 119.0
1995 10.3 220.0 102.0 86.0 67.0 63.0 48.0 45.0 37.0 31.0 82.0
1996 8.8 251.4 100.3 85.8 64.9 59.2 42.3 37.3 29.4 24.5 60.8
Note: Z1 to Z10 are measured in thousands.
Source: Statistics Denmark.
Table A2. y(t) for different rules.
Year x = 10 x = 20 x = 30 x = 40 x = 50
1979 16.6 24.2 32.7 42.2 52.0
1980 19.1 27.1 35.6 45.0 54.5
1981 19.8 31.1 41.3 51.9 62.0
1982 20.2 30.4 40.8 51.4 61.8
1983 20.3 30.6 40.7 51.4 62.2
1984 21.1 31.3 41.4 52.0 62.1
1985 19.4 28.7 38.2 48.3 58.4
1986 18.3 27.0 35.8 46.1 56.3
1987 19.2 28.1 36.9 46.7 56.5
1988 21.3 30.7 39.9 49.7 59.6
1989 22.2 32.1 42.3 52.6 62.3
1990 22.3 32.0 41.9 52.6 62.3
1991 23.9 33.9 44.2 54.7 64.3
1992 25.0 34.9 44.7 55.9 65.6
1993 28.1 38.3 48.0 58.3 67.4
1994 33.0 43.2 52.6 62.2 70.7
1995 27.1 36.3 46.0 56.1 65.3
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Source: Statistics Denmark and own calculations.